Causal decomposition analyses can contribute to the evidence base for interventions that address health inequities. Through study design and assumptions, they rule out alternate explanations such as confounding, selection-bias, and measurement error. However, their practical use is impeded by critical challenges. First, current approaches pay little attention to what variables a disparity measure itself should condition on or standardize over. Second, current approaches have ignored what hypothetical interventions should condition on and thus may not reflect equity concerns that actual interventionists would respect. Third, there are several estimators across the epidemiology and economics literature but their incorporation of equity value judgements has not been examined, and these do not cover many of the ways in which disparities and hypothetical interventions may be defined. In this paper, motivated by the clinical example of treatment intensification and hypertension control disparities, we address these issues of defining and estimating meaningful causal decompositions. We present a framework that explicitly considers what the disparity measure and hypothetical intervention account for and how these choices can be mapped to notions of equity. For these general estimands we provide identifying assumptions and estimators based on adaptations of ratio-of-mediator probability and inverse-odds-ratio weighting and evaluate their statistical performance.
Introduction
Health disparities represent differences across socially privileged vs. socially marginalized groups that society considers inequitable, avoidable, and unjust. 1 Interventions that address disparities 2 usually affect risk factors that are overrepresented among marginalized groups. Often their evidence base draws from studies that compare measures of disparities before and after adjustment for a risk factor. But the changes seen after such adjustments may be due to disparities in a third factor that has been ignored (confounding), differential participation or missing data (selection-bias) or structural forms of bias. The changes seen may not necessarily indicate that the risk factor under study is one to be targeted for intervention. In contrast, recently developed causal decomposition methods [3] [4] [5] compare to a counterfactual disparity under a hypothetical intervention on a target risk factor. They overcome the limitations of simple adjustment through sound study design and unverifiable assumptions to deal with reverse causation, confounding, and selection-bias.
Despite their promise, several limitations impede their practical use. First, current approaches pay little attention to what variables a disparity measure itself should condition on or standardize over. Health statistics often report disparity measures that adjust for age and sex, but some decomposition approaches go beyond this and adjust measures for other variables needed for causal identification. The disparity measures used in decomposition analysis should map to value judgements about equity.
Second, current approaches have also ignored what hypothetical interventions should condition on and thus may not reflect equity concerns that actual interventionists would respect. For example, an intervention to intensify a therapeutic dose could reasonably depend on a patient's clinical status. But it would not necessarily hinge on the patient's socioeconomic status which is not relevant for medical care (i.e., for pharmacologic, surgical, or therapeutic treatments). Furthermore, if the intervention did depend on socioeconomic status it would preserve socioeconomic differences in treatment that lead to racial differences in outcomes (because of underlying racial differences in socioeconomic status). 4 To inform real interventions, hypothetical interventions should map to value judgements about equity.
Third, there are several estimators across the epidemiology and economics literatures (see Fortin et al. 6 , the eAppendix of Jackson & VanderWeele, 4 and Nguyen et al. 7 for reviews) but their incorporation of equity value judgements has not been examined. Moreover, these estimators do not cover many of the ways in which disparities and hypothetical interventions may be defined. For example, causal mediation analysis 3, [8] [9] [10] [11] [12] [13] based on natural direct effects fully conditions disparities and hypothetical interventions on all confounders, the Oaxaca-Blinder decomposition [14] [15] [16] [17] [18] on none, while causal mediation-analysis based on interventional effects 4, 5, [19] [20] [21] [22] [23] can go either way. 4 These do not consider disparities or interventions under partial conditioning and when this is desirable. Without a unifying framework in health equity research it will be difficult for applied researchers to select and adapt estimators to best suit their needs.
In this paper, we address these issues of defining and estimating meaningful causal estimands. We present a framework for causal decomposition that explicitly considers what the disparity measure and hypothetical intervention adjust for (or condition on) and how these choices can be mapped to notions of equity. We then outline identification results and present two weighting estimators for target risk factors that are discrete. We note when these adaptations of existing estimators reduce to familiar forms. The statistical performance of these estimators is evaluated through simulation based on data from the 2015-2016 National Health and Nutrition Examination Survey 24 and the clinical literature. Our presentation is motivated by an example from clinical medicine: how to reduce disparities in hypertension control through interventions on antihypertensive treatment intensification. 25
Motivating Example and Notation
Suppose a healthcare system administrator wants to address disparities in hypertension control across race/ethnicity ( ; non-Hispanic black=1, non-Hispanic white=0) and tasks us with forming a cohort to study them. Patients are enrolled at their first visit if, on the basis of their systolic blood pressure ( 0 ), they can be classified as hypertensive ( 0 ;1=yes, 0 ≥ 140 mm Hg, 0 =no, 0 < 140 mm Hg). For simplicity we ignore diastolic blood pressure. At six months follow-up systolic blood pressure ( 1 ) and uncontrolled hypertension ( 1 ;1=yes, 1 ≥ 140 mm Hg, 0 =no, 1 < 140 mm Hg) are measured.
Disparities in hypertension control may arise through clinical uncertainty. 26 When providers know less about their patients' medical condition (due to poor provider communication, patient inactivation, or measurement issues) their decision-making may rely on stereotypes about social groups to which patients belong. We are interested in how eliminating disparities in treatment decisions would affect disparities in hypertension control.
To study this, we record the patient's race where = represents membership in the marginalized group (e.g., blacks) and = ′ the privileged group (e.g., whites), demographics age and sex , whether or not antihypertensive treatment was intensified at the initial visit ( ; 1=yes,0=no) as well as other socioeconomic factors such as educational attainment and type of insurance (both binary) that may implicitly affect treatment and predict follow-up blood pressure. We also record diabetes diagnosis (binary) which, as a marker of cardiovascular risk, predicts blood pressure and may influence treatment decisions. We assume that some associations between race/ethnicity , , and 0 are driven by historical processes (e.g., slavery, Jim Crow, federal and local housing policies) as depicted in our causal graph (Figure 1 ), provided for intuition. We allow that unmeasured factors may correlate repeated measures of systolic blood pressure 0 and 1 but do not independently predict treatment intensification .
We consider what potential hypertension control outcomes would be under hypothetical interventions on antihypertensive treatment intensification, denoted as 1 . To identify average potential outcomes, we rely on statements about the independence of potential outcomes from the observed data, as we later explain. We denote conditional independence between two variables and given using the notation ∐ | . We abbreviate the conditional probability ( = | = ) as ( | ).
Definition of Meaningful Causal Decomposition
Causal decompositions consider how disparities would change and persist after hypothetically intervening to remove disparities in a target risk factor. We present a general expression that considers what variables are used to define the disparity measure and to define the hypothetical intervention and how value judgements can inform these choices.
To show how these variables can be used to define a disparity measure and hypothetical intervention, we will rely on some further notation. Let denote with value * the study population of interest. Let denote the variables upon which we will standardize the disparity measure. Let denote the variables beyond that further guide a hypothetical intervention on treatment intensification . Let | denote a hypothetical stochastic intervention to set the conditional distribution of antihypertensive treatment intensification (given and ) among blacks. [3] [4] [5] 27, 28 Suppose we choose as age and sex , as blood pressure at baseline 0 and diabetes diagnosis , with = * as all hypertensives 0 = 1. Among all hypertensive blacks, under | , their treatment is intensified according to a random draw from the distribution of intensification among all hypertensive whites who share the same blood pressure, diabetes status and demographics, denoted as ( | = ′ , , * , ).
We are now ready to formally consider causal meaningful decomposition estimands. Among all hypertensives at baseline, the observed disparity in hypertension control would be: 6 The change in the observed disparity under the intervention | to remove disparities in treatment intensification among all hypertensives would be:
The remaining disparity after the intervention | would be:
As shown through the five estimands in Table 1 , our choices concerning and can reflect value judgements about equity. Concerning the disparity measure, could be chosen to represent demographics through which differences in hypertension control are considered equitable, such as age, sex, or even genotype. 29 For example, blood pressure increases with age and blacks tend to be younger than whites. If racial differences in blood pressure through age are considered equitable, a disparity measure that fails to adjust for age (Estimand 1) may mask or overstate inequitable racial differences in hypertension control.
Should a disparity measure adjust for risk factors for hypertension that guide (or are associated with) treatment, the targeted factor for intervention (as Estimand 2 does)? Indeed, a healthcare institution might argue for such risk-adjustment when they have less control over pre-existing illnesses or environmental conditions that predict hypertension. However, racial differences in hypertension control will be smaller among those who share risk factors. 4 If the institution is committed to eliminating health disparities, regardless of their origin, a wider picture is more useful than an limited one.
Concerning the hypothetical intervention, when the intervention target represents a qualified health resource, we could consider an equitable difference in to be one which there was equal treatment for equal need. 30 
Identification of Meaningful Causal Decomposition
The counterfactual disparity reduction (2) and residual (3) are not observed. These expressions can be identified with observational data under certain assumptions (see eAppendix for formal proofs). First, we assume conditional exchangeability. 31 Given , , and confounders , the potential outcomes under treatment intensification are independent of observed treatment intensification:
The set contains variables needed to de-confound the relationship between treatment intensification and the hypertension control. It only includes confounders that have not already been used to define the estimand, i.e., , , and . For example, in Estimand 5 of Table 1 , contains socioeconomic factors that affect treatment decisions through implicit bias and affect hypertension control through stress.
We further assume positivity. 31 Among blacks = there is a positive conditional probability of each observed value of treatment intensification given the variables used to define and identify the estimand, i.e. , , and :
( | , , , * , ) > 0 for all , , * , with ( , , * , | ) > 0.
We also assume common support across for the estimand-defining covariates:
( , * , | ) > 0 when ( , * , | ′ ) > 0 (5)
Finally, we assume consistency 31 among blacks, that their outcomes would be the same regardless if their values were merely observed or set by hypothetical intervention:
This assumption will not be met when spillover effects are present. These assumptions are strong and the ability to satisfy them will vary across substantive settings.
When these assumptions hold, we can identify the proportion with controlled hypertension among blacks under | as:
This allows us to identify the disparity reduction (2) given that the observed proportion of controlled hypertension among blacks is:
, , , × ( | , , , * , )
From (7) we can identify the disparity residual (3) because the observed proportion of controlled hypertension among whites is:
, , , × ( | ′ , , , * , )
Estimators for Meaningful Disparity Decomposition
Equations (7)-(9) could be estimated using Monte Carlo integration. Here, we present two simple weighting-based estimators that can be implemented with standard statistical software routines. As noted below, these are adaptations of previous approaches in the economics and epidemiology literatures with their respective strengths and weaknesses. Under certain conditions, the weighting approaches resemble those used to estimate "natural" path-specific effects. [9] [10] [11] [12] 32 Unlike these, the causal decomposition effects remain identified even when the measure-defining variables , intervention-defining variables , or confounders are affected by race. Moreover, they apply when the disparity of interest picks up not just effects of race on the target variable but also their non-causal association through , , or .
These aspects are not shared by estimators of "natural" path-specific effects. 4 Under other conditions, some weighting approaches bear resemblance to "interventional" path-specific effects. [19] [20] [21] They key difference here is that no hypothetical intervention is envisioned on race . Standardization of across race is not done to identify any effect of race, but rather to identify inequitable racial differences and report them concisely when they vary across . Yet other approaches resemble Oaxaca-Blinder type decomposition estimators from the economics literature. 16, 17 Unlike traditional forms, those here allow the study of conditional disparities and conditional interventions when desired. 4 The weighting approaches presented here are appropriate for any binary or continuous outcome 1 and for categorical target variables . They often require models for the target variable but always avoid parametric assumptions about the outcome hypertension control 1 and can accommodate the presence of any statistical interactions between race , measure-defining variables , intervention-defining variables , confounders , and the factor targeted for intervention . For inference we recommend the nonparametric bootstrap. To ease the presentation, we will consider to include demographics, to include indicating and moderating factors for treatment, and to include other predictors of treatment needed to control for confounding. The estimators may be implemented with other choices.
Ratio of Mediator Probability Weighting Estimation (RMPW)
The first weighting procedure is based on a ratio of probabilities for treatment intensification . In form, it resembles the weights of Hong 2010 11 and 2015 12 identify "interventional" path-specific effects. The appeal of this approach lies in its simplicity.
The disparity reduction (2) and residual (3) under the intervention | are estimated by comparing weighted means for blacks and whites. First, we estimate the observed proportion with controlled hypertension 1 among blacks, standardized for demographics :
where the weight =
Next, we estimate the observed proportion with controlled hypertension 1 among whites, standardized for demographics
where the weight ′ =
Last, we estimate the counterfactual proportion with controlled hypertension 1 among blacks under the intervention | , standardized for demographics
The counterfactual disparity reduction is obtained by subtracting (12a) A stacking procedure can be used to estimate the effects of interest. To obtain the disparity reduction (2), the data from blacks with weight (10b) are stacked onto a copy from blacks with weight (12b) and labelled with a new variable called data origin ( ; 1=original, 0=copy). The weighted mean difference in 1 across data origin estimates the disparity reduction. To obtain the disparity residual, the data from blacks with weight are stacked onto the data from whites with weight ′ (11b). The weighted mean difference in 1 across race estimates the disparity residual.
Inverse Odds Ratio Weighting Estimation (IORW)
The second weighting procedure is based on a ratio of odds for race given the target variable . In form, it resembles the weights of Miles et al. 32 , Huber 2014, 10 and Tchetgen & Tchetgen 9 used to identify path-specific effects and also those of Barsky et al. 17 to measure discrimination via an Oaxca-Blinderstyle decomposition. The appeal of this approach lies primarily in its ability to avoid modeling the target variable when the intervention conditions on all confounders (leaving empty).
The disparity reduction (2) 
The first component of is a ratio of two odds. The numerator odds can be estimated by fitting logistic regressions for race given treatment intensification , indicating and moderating factors and demographics , with and without further control for confounders . For the denominator odds one can use similar models but without control for treatment intensification . For the second and third components one can adapt what was described for the RMPW-style estimator, with the caveat that the models for treatment intensification do not condition on race . Once all necessary models are fit, their predicted values are used to form individual weights. We estimate the disparity reduction (2) by subtracting (13a) from (10a) and the residual (3) by subtracting (11a) from (13a). The stacking procedure described above can be used with weights.
Simulation Study
We carried out a simulation study to compare the basic performance of the RMPW-and IORW-style estimators as a function of sample size and the distributions of race (encoded in ) and treatment intensification (encoded in ). We simulated individuals with normally distributed age , sex , collegiate educational attainment , private health insurance , and diabetes diagnosis , and normally distributed systolic blood pressure at baseline 0 , and subset the data to hypertensive individuals ( 0 ≥ 140 mm Hg). We then generated a binary decision to intensify treatment , a subsequent systolic blood pressure 1 , and hypertensive status 1 . Data from the 2015 National Health and Nutrition Examination Survey 24 and the clinical literature 33 informed the generating mechanism whose structure was chosen to align with the graph in Figure 1 . Note that the law for hypertension control is complex. It involves a transformation of follow-up blood pressure whose own law varies the effect of treatment intensification by baseline blood pressure and also by race (reflecting racial differences in adherence). The RMPW-and IORW-style estimators were applied to this 'observed data' with the population of interest chosen as all hypertensives. For RMPW-style weighting, pooled models were fit for (i.e., in the model) without interactions and again through race-specific models. The simulations were repeated across various choices of , , and . We constructed 95% confidence intervals for each estimate using the non-parametric bootstrap percentile method with 500 replicate samples.
To obtain the true values of the counterfactual disparities, we first intervened upon according to repetitions was taken as the truth. All simulations were carried out in R 3.6.1 (Austria, Vienna). Table 1 reports the estimators' performance in terms of relative bias, standard error, root mean square error, and 95% confidence interval coverage with the probability of black race ( ) at .5 and the conditional probability of treatment intensification ( ) at 0.25. For each estimand, both estimators were consistent and were near the nominal coverage rate with similar efficiency under pooled models for .
Results
The RMPW-style estimator, which allows for race-specific models, were slightly less efficient when these were used, but only when the marginalized group proportion was decreased to 10% (see eAppendix).
Notably, both estimators performed well even when the proportion of treatment intensification was decreased to 10% and sample sizes were small (n≈480).
The estimands' true values and corresponding disparity reductions are instructive. We see that the choices regarding and do in fact result in different magnitudes of disparity and disparity reduction. The natural direct and indirect effect analogue (which targets Estimand 2) studied a smaller disparity (8.3%) than the others (11.1 -12.5%). The natural indirect/direct effect analogue (which targets Estimand 2) and the Oaxaca-Blinder Decomposition analogue (which targets Estimand 1) had larger disparity reductions (20.5-22.0%) than the others (12.6-16.8%). There were minor differences between the interventional effect analogues, with Estimand 4 having the smaller disparity reduction and Estimands 3 and 5 being larger but similar to one another. In this data-generating scenario, choices for defining the disparity itself were more influential than choices for defining the intervention.
Discussion
We proposed a framework for incorporating equity judgements into causal decomposition estimands. We also adapted weighting-based estimators for counterfactual disparity reductions and residuals, that unify and extend several related causal mediation analysis and Oaxaca-Blinder decomposition estimators in the context of health equity research. These estimators are appropriate for categorical targets, avoid parametric assumptions for the outcome, do not require a rarity assumption for binary outcomes, and accommodate the presence of statistical interactions. These approaches readily extend to intersectional disparity measures. [34] [35] [36] The estimators were consistent and comparably efficient in the data-generating scenarios we considered.
Our results suggest that when the hypothetical intervention must avoid conditioning on confounders, for equity concerns, the RMPW-style estimator might be favored for its simplicity. Another advantage is that it accommodates race-stratified modeling and thereby, without assumptions, accommodates disparities in the target factor that vary across levels of other covariates. The IORW-style estimator must explicitly model these interactions when present. It is appealing in cases where one can avoid modeling the targeted factor, as in that case it easily accommodates target factors of any scale. It may also be favored when confounding of the target factor is weak, as the conditionality of the intervention may not impact estimates much. However, further simulations are needed to determine when this scenario will occur.
The estimators rely on conditional exchangeability, positivity, and consistency, as well as common support and correct model specification. When these exchangeability fails, it may be possible to adapt recently developed bias analysis methods to quantify our uncertainty. 37 When the common support assumption fails, one could restrict to a population where it is satisfied through, for example, eligibility criteria for cohort entry. The estimators require correctly specified models for the target or the social status . As in other contexts, [38] [39] [40] covariate balance metrics may be helpful in evaluating model fit.
Models that do and do not condition on confounders are not guaranteed to be congenial; both models should share the same degree of complexity. 32 Last, our motivating example concerns a selected population, in which some racial difference in hypertension control is due to racial differences in baseline hypertensive status and the correlation between baseline and follow-up blood pressures. This issue, which is of concern even beyond causal decomposition, does not affect causal identification. 3 But it is not clear whether this selection-induced correlation represents an inequitable difference. Further conceptual work is needed to clarify this issue and whether bias analyses for selection-bias 41 are needed.
We have outlined a framework for incorporating equity concerns into a causal decomposition analysis.
Our contributions should be of wide interest, particularly whenever the disparity measures or underlying hypothetical interventions are concerned with indicated or qualified resources, such as medical treatment, access to and utilization of healthcare (as well as hiring, compensation, or legal decisions). 
Proofs
Notation.
Let the subscript t index the timing of measurement for variable Vt (0=current visit, 1=next visit), with the convention dropped for some variables measured at the current visit e.g., V0=V. Let L0 and L1 equal, respectively, a patient's outcome (e.g., blood pressure) at the current and follow-up visit. Let Y0 and Y1 equal, respectively, a patient's diagnosis based on L (e.g., hypertension; 1=yes,0=no) at the current and follow-up visit. Let M equal a determinant of L that we want to intervene upon to alter the distribution of Y1 (e.g., decision to intensify antihypertensive treatment; 1=yes,0=no). Let Xiii, Xiv, and Xv be measured common causes of L0, M, and L1 (predictors of hypertension), let Xi and Xii equal demographic common causes of these variables and Y (e.g., sex and age), let R equal a binary variable that defines a socially marginalized population (e.g., race), let H equal sociopolitical forces (e.g., racism) that creates association between R and X. Let U equal an unmeasured source of correlation between L0 and L1. Let V(w) equal the value that V would take (i.e. potential outcome, counterfactual) had W been set to value w. Let the symbol A ∐ |V denote statistical independence between A and B given V. For intuition, see eFigure 1 for a causal graph relating these variables. eFigure 1. Causal graph describing the the R--Y1 association through H,X,L0,Y0,M, and L1
Definition.
General formulation.
As defined above, the variable R represents the social status across which the disparity will be measured. R=r will represent a marginalized group and R=r' the privileged group. (It is entirely possible to consider the following propositions with these values switched). The population consists of all patients with hypertension at baseline (Y0=1). Consider an intervention to set the distribution of a target variable M (antihypertensive treatment intensification) to affect disparities in the outcome Y1, whether or not subsequent hypertension is controlled. Additionally, consider three variable sets. Proposition.
Consider an intervention Gm|q_m,q_r,c among those with R=r and within levels of Qr=qr * , to set the distribution of M. When Qr=qr * we set M according to the observed distribution P(m|R=r',qm,qr * ,c). Otherwise, when Qr=qr + or R=r' we do not intervene. In the subset of the population of interest where Qr=qr * , the observed disparity prior to intervention, and the reduced and residual disparity after intervention are given, respectively, as: Estimation.
Decomposition using Ratio of Mediator Probability Weights
Let M be categorical with j levels mj.
Among those with R=r and Qr=qr * we have that: 
The first equality is identified via eqn 1.
Note that, among those with R=r and Qr=qr * we have that: Contrast (6c * ) can be estimated as β1 in the weighted regression model with the observed data: E[Y1|R,Qr=qr * ]=β0+β1R(r-r') fit with weights w romw * for those with R=r and w r ′ * for those with R=r'.
Remarks.
i. The conditionality of the intervention G appears through the numerator and the denominator of the weights in (3b). Any confounders Qv beyond the variables defined in Qm and Qr appear only in the denominator. Thus, the conditionality of the numerator will differ from the denominator whenever the intervention G does not condition on all of the confounders of M.
ii. Among those with Qr=qr * , when Qm=⊘ the weights resemble those used to estimate the randomized interventional analogues described in VanderWeele, Vansteelandt, and Robins 2014. If, further, none of the confounders are affected by R, the weights resemble those used to estimate the natural direct and indirect effects in Hong 2010, Hong 2015, and Lange 2012. Descriptively, they also resemble a simplified case of the weights described in Dinardo 1996.
iii. Among those with Qr=qr * , When Qv=⊘ the weights resemble those used to estimate the randomized interventional analogues described in Zheng & Van Der Laan 2012 and 2017. 
